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CAUCHY FORMULAE FOR FUNCTIONS ANALYTIC OF ORDER TWO
ON C' DOMAINS WITH APPLICATIONS TO ELASTOSTATICS
AND HYDROSTATICS*

JONATHAN COHENY

Abstract. This paper gives Cauchy-type formulae for functions analytic of order two on C' domains
obtained from the solutions of corresponding biharmonic problems. Functions analytic of order two are
shown to be potentials for the solutions of systems of linear partial differential equations in two-dimensional
elastostatics and hydrostatics. When combined with Cauchy formulae, integral representations are obtained
for the traction problem and the linearized Stokes problem that are valid even for C' domains.
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1. Introduction. In this paper, we give Cauchy-type formulae for functions analytic
of order two on C' domains obtained from the solutions of corresponding biharmonic
problems. We show how functions analytic of order two are potentials for the solutions
of systems of linear partial differential equations in two-dimensional elastostatics and
hydrostatics. When combined with Cauchy formulae we obtain integral representations
for the traction problem and the linearized Stokes problem that are valid even for C'
domains.

The traction problem in elastostatics is to determine the components of stress and
displacement from a system of partial differential equations satisfied within a domain
and the forces applied on the boundary. Airy showed [2] that in the absence of body
forces this problem could be reduced to finding a scalar biharmonic potential called
the stress function. The stationary Stokes problem in hydrostatics is the following.
Solve a system of partial differential equations satisfied by the velocity and pressure
that can likewise be reduced to a biharmonic problem. (See Mikhlin [11, pp. 176-178]
for an outline of these reductions.)

In [7] and [8] Cohen and Gosselin obtained solutions to the following biharmonic
problems on C' domains in R*:

Au=0 inQ,
(1.1)
Vul;a=g where Jg-Tds=0,

T is the unit tangent vector and ge L” X L?(3Q2), 1<p <00
(1'2) Azu =0, (uxxxs+uxyys, uxyxs+uyy s)=‘P

where ¢ = (¢, ¥) € LY x L7(3Q2) and ]'an = Ian g = Im xp + yip ds = 0.

The first of these problems involves Dirichlet-type boundary conditions and solves
the stationary Stokes problem. The second involves adjoint or Neumann-type boundary
conditions and solves the traction problem.

The solutions are given by potentials that are modified versions of the multiple
layer potentials introduced by Agmon in [1]. The analysis at the boundary is obtained
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for C' domains via an application of Calderon’s theorem on the Cauchy integral along
Lipschitz curves [5].

In practice it can be difficult to obtain the appropriate biharmonic potentials.
Muskhelishvili’s book on elasticity [12, Chap. 5] shows how assuming the existence
of Airy’s stress function leads to the reformulation of the traction problem as a boundary
value problem for a system of analytic functions. The crucial point in the introduction
of analytic functions is that biharmonic functions can be represented as Re {7f(z)+
g(z)} where f and g are analytic. If we define 3=, + i3, a simple calculation shows
that 5°(zf(z)+g(z))=0. This suggests a connection between elasticity and the 3°
equation.

In fact, this connection is neither new nor surprising. In the 1920s Burgatti, in [3]
and [4], studied solutions of 3”f =0 and introduced solutions of the equation 3°f =0
into the equations of elasticity to obtain Kolosoff’s formula for the complex displace-
ment {4, pp. 90-91].

In this paper we look at the complex function U+ iU where U is the Airy stress
function and U is a biharmonic conjugate of U in the sense that *(U + iU )=0. We
show how the displacements can be computed, up to a rigid infinitesimal deformation,
as a linear combination of the first derivatives of the stress function and its biharmonic
conjugate U. We then show how the layer potential representation of the solution to
the biharmonic reformulation of the traction problem can be extended to a ‘““Cauchy
type” formula that automatically produces the biharmonic conjugate of the stress
function.

This procedure is simpler than the method outlined on pages 106-109 of
Muskhelishvili [12]. Furthermore, for half planes with any orientation, the layer
potential solutions reduce to Poisson integrals of the boundary forces.

2. The 8 equation. Functions satisfying the equation 3°¢ =0 are called analytic
of order two where 3=24.+ i3, and ¢ is complex valued. In this section we review
some of the basic properties of these functions, some of which are discussed in a more
general context in the articles by Burgatti [3] and [4].

We let 8 denote the operator 9, — i3, and assume that ¢ is complex valued and
satisfies 9°¢(z) =0 in a domain . If we wnte y=U+ iU where U and U are smooth
real-valued functions and observe that §° = d,, — 8y, +2id,,, then 3>y =0 implies

(2.1) Uee— U, =20, +iQQU,, + Uy — U,,) = 0.

Equating real and imaginary parts, we obtain the following system of second-order
partial differential equations:

(2.2) Ux_x - Uyy =2 0xy,
(2.3) 2ny=—( Ux.x_ 0yy)’

which is analogous to the Cauchy-Riemann equations.
Since the Laplace operator can be factored as A =33 we observe the following:

2.4) AU+iIAU is analytic

since 3(AU +iAU) =932 (U +iU) =0,

(2.5) AU =Re AU +iU)=Re (U +ilU) =0;
(2.6) AU =Im AU +iU)=Im #?3*(U +iU) =0.
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Thus U and U are biharmonic and since AU +iAU is analytic, the pair of
functions AU and AU satisfy the Cauchy-Riemann equations:
2.7) (AU).=(aD),,
28) (AU), =-(AD)..

The system of real second-order equations (2.2) and (2.3) together with (2.8) and

(2.9) will be referred to as the biharmonic Cauchy-Riemann equations.
Analytic functions of order two can be represented as

29) V() =2 f(2)+4(2)

where f and g are analytic. It follows that f(z) =dy(z) and g(z) = ¢(z) —(Z/2)ay¥(z).
We then write 4 ' '

(2.10) W) =2 5w(z)+(w(z>—§ 5w(z)),

and applying Cauchy’s formula to the analytic functions 6¢¥/(z) and ¢(z) —(Z/2)ay(z),
we obtain the Cauchy-type representation
1 1 - p—Z
(2.11) vz = | L) dw——,J s (w) 2=Z aw
2mi ), w—z 4mi ), w—z
where vy is a simple closed contour in £} containing z.
Formula (2.11) appears (except for a small error) on page 88 of Burgatti [4], and
we will refer to (2.11) as Burgatti’s formula.

3. The traction problem. The traction problem is to obtain the elastostatic state
of a thin plate from the forces at the edge. In this section we assume that () is a
bounded C' simply connected domain in R%. We let S=[3 Z] denote the stress tensor
and let u, v denote the components of displacement. In the absence of body forces
the equilibrium equations are

(3.1) A.+B,=0, B, +C,=0
and the equatiohs relating displacement and stress are
3.2) A=(A+2u)u+ v, B=p(u,+v,), C=Au,+(A+2u)v,.

If we let (X,, Y,) denote the normal stress along the boundary 4} and (x;, y,)
the unit tangent vector on 3{), then the traction problem is to find components of stress
A, B, C and displacements u, v satisfying (3.1) and (3.2) in {} and for which

[5 J[2)-[3] mom

Airy showed that the equilibrium equations (3.1) imply the existence of a function
w such that A=w,,, B=-w,,, and C = w,,. Furthermore, substituting the second
partials of w for A, B, and C into (3.2), it easily follows that A’w = 0. This means that
the traction problem can be reformulated as the biharmonic problem:

A’w =0,

L -] e
Wy Wyy —Xs Yn |

(3.3)
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A quick inspection shows that this is problem (1.2) in the Introduction. The
solution w is called the Airy stress function.

To complete the solution to the traction problem it is necessary to compute the
displacements from the stress function. This procedure, as outlined in Muskhelishvili
[12, pp. 106-109], is somewhat complicated. We will now show how, if a biharmonic
conjugate can be found for the stress function, the computation can be simplified
considerably.

If we substitute the appropriate second partials of w for A and C in the first and
third equations of (3.1) and solve for u, and v, we get

— AWt (A +2u)w,,

(3.4) U= du(A+up) ’
_ (A+2u)we —Aw,
(3.5) YT A ()

We now assume there exists a function w such that d%(w+ iw)=0. Using the
biharmonic Cauchy-Riemann equations we can substitute w., —2W,, for w,, in (3.4)
and w,, +2w,, for w,, in (3.5) to get

_ 8 (pw—(A+2u)W,
(36) ux_ax( 2u(A +p) )

_ 9 pw, + (A +2u)w,
(3.7) U’—ax( 2u(A+p) )

This is the main point. The introduction of the biharmonic conjugate w enables
us to integrate u, and v, to obtain

(8) B R,
_ pw, + (A +2u)w,
(3.9) = 20+ 1) + Fy(x).

Substituting for u and v in (3.2), we have

— wy, = (4, +vy)

KWy — (A 20 )W,

_ pw,, —(A+2u)w,,

(3.10) ot R R e Py x)
=2“"”"—(2'\:(-3’:_):);”—w"")+Fi()’)+F£(x),

which, by the biharmonic Cauchy-Riemann equations,

- 2[1«ny _ (/\ + 2#’)(2ny)
2u(A+p)

+ Fi(y)+ Fi(x)

1
=T Mo + Fi(y)+ Fi(x).

Thus we have 0= F}(y)+ F%(x). This implies that Fj(y) = —F}(x)=¢ and so F,(y) =
ey+r, Fo{x)=—ex+o.
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The choice of biharmonic conjugate w was arbitrary. However, it follows from
Lemma 13.1 of Agmon [1] that if 3°(w+iw)=0 and 3*(w+iw,) =0, then W, —w =
ax+ By +3(x*+y*)+ 8. Substituting w, for w in (3.8) and (3.9), we get a displacement
(u,, v;) that differs from (u, v) by

_—(A+2u)

(3.11) “1_“—2M(A+M) (yy+8),
o (A+2u)

(3.12) v, _—_2/.1.(){4-/1.) (yx+a).

This means that two distinct “biharmonic conjugates™ give rise to displacements
that differ by, at worst, an infinitesimal rigid displacement. In other words, we have
introduced no new pure deformation by computing the displacement from the deriva-
tives of w, rather than w. Up to an infinitesimal rigid displacement we have the formula

= /.wa—(),""z;.l.)\;’y ILWL+(A+2/'L)WX)
(3.13) (u’v)< 2u(A+p) 7 2u(A+p)

4. The stationary Stokes problem. The stationary Stokes problem in hydrostatics
has the formulation in a domain :

Au=Vp inQ
(4.1) diva=0 in (),
u,o =1

where u=(u, v) is the velocity of the fluid, p is the pressure, and f=(fi, f;) is the
velocity at the boundary. The second equation, div u =0, implies there exists a function
& satisfying V& = (—v, u). It then follows from substitution for ¥ and » in the first
equation that A’® = div (A®,, A®,) = —p,, + p,, =0. The Stokes problem then has the
biharmonic formulation:

A*®=0 inQ,
Vo= (=12, f1)-

It remains_to obtain the pressure p from the solution ® of (4.2). If we assume
there exists a ® such that 3*%(®+idP) =0, then by the second part of the biharmonic
Cauchy-Riemann equations,

(4.3) (8d), = —(A®),=—-Bu=—p,, (Ad),=(AD),=-Av=—p,.

Hence V(—A®) = Vp so that —A® differs from the pressure by a constant. If a second
biharmonic conjugate &, is used, then A®, — Ad is a constant.

It is clear that this same calculation shows that any harmonic conjugate of A®
will suffice to give the pressure. However, we will point out that the layer potential
solution of (4.2) automatically produces a biharmonic conjugate & so that no additional
integrations are necessary to find the pressure.

(4.2)

5. The biharmonic results. We assume that Q is a bounded, simply connected C'
domain in R* with boundary 3€). We next introduce the following spaces of boundary
data.

DEerFINITION 5.1.

Cp={g=(g, h) e (LP x L?)(3Q): I gdx+hdy=0}.
a0
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DEFINITION 5.2. (L? X L?)o(3Q) = {¢ = (¢, ¢) € (LT x L¥)(6Q): [, VW - ¢ ds =0 for
all w(x, y)=ax+By+vy(x*+y*)+8 and 1 <gq<o}.

Let F(x, y) = (—1/4m){(x*+ y*) arg (x + iy) — xy} for some particular choice of the
argument. In what follows we will let X denote points in the domain ) and P, and
Q will denote points on the boundary.

DEerFINITION 5.3. For Q€4 and X €} we define the boundary differential
operator L=Lg by

Lov(X) = (L,v(X), L,v(X))
where
(5.4) Lo(X) = 02 (X)x,(Q) + 0y, (X) y,(Q), Lyv(X) = 0, (X)x,(Q) + 0, (X) y:(Q)

with (x(s), y(s)) being the arclength parameterization of 3Q2 and (x,(Q), y;(Q)) being
the unit tangent at Q.
DEerFINITION 5.5. For ge C, we define the modified multiple layer potential by

(5.6) U (g: X) = Lﬂ g(Q)L,F(X - Q)+ h(Q)L.F(X - Q) ds(Q).
For @€ (LT x L7)y(3Q)) we define the modified lower-order potential by
(5.7) Um(e; X) = Lﬂ ¢(P)F.(P-X)+ z/z(P)F,(P—X) ds(P).
For X £ 90 we can differentiate (5.6) and (5.7) under the integral signs to get
(5.8) Vit = Lﬂ g(Q)I(X, Q) ds(Q)
where
9 N I ]
and
(5.10) Lo, (X)" = Lﬂ I(X, P, Q)(P)" ds(P)
where
s o= [RE0T0 )

and the superscript T denotes the transpose of a row vector. Note that the dependence
of ] on Q is built into the definition of L, and L,.

DEFINITION 5.12. For P # Q, P, Q€ 3}, we can define the matrix kernels in (5.9)
and (5.11) by letting X = Q. Both kernels are then the same and we call them I(P, Q).
We define the operators

(5.13) Z.g(P) =J‘l | g2(Q, Q)I(P, Q) ds(Q)
P-Q|>e
and
(5.14) Lre(P) =J‘ I(P, Q)@(P)" ds(P).
- {P-Q|>e¢
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We tentatively define the operators £g(P)=lim,.,Z.g(P) and F*¢(Q)=
lims»o gt‘P( Q)‘
THEOREM 5.15. For ge C,, we have the following:
(i) Lg(P) exists almost everywhere with respect to arclength, & is bounded from
C, to itself in the (L” x L”)(6§2) norm and in fact is compact from C, to itself.
(ii) The nontangential

(I+%)g(P), XeQ,

X, V(X0 = {(—-I+§£)g(P), Xed

Jfor almost every P<c3Q,

(iii) (I+£)7" exists on C, and (—I+ %)™ exists on the space (—I+£)(C,).

COROLLARY 5.16. The interior Dirichlet problem A’u=0 in Q, Vu=ge C, on 3Q
is solvable with u=u,((I+%) 'g; X). The exterior Dirichlet problem A’u=0 in
Q, Vu=ge C, on 3Q is solvable with u = u,,((—I + £) 'go; X)+Vwwhere forge C,, g
can be written uniquely as g=go+Vw with goe(—I+%)(C,) and w=ax+By+
y(x*+y*)+8.

TaeEOREM 5.17. For @ (L7 x L?)y(3(2) we have the following:

(i) ZL*e(Q) exists almost everywhere with respect to arclength, £ is bounded from

(L% x L7)o(3Q2) to itself in the (L? x L7)(3€}) norm and is compact from (L? x L7),(3Q})
to itself.

(ii) The nontangential

(-I+Z£%¢(Q), XeQ,

ii%Lvm(X)={(I+££*)<p(Q), Xed

for almost every Q €3Q).

(iii) (—IT+%*)7! exists on (L? x L?)y(382).

COROLLARY 5.18. The adjoint boundary value problem A’v=0 in Q, Lv=¢¢€
(L x L?)o(39) is solvable by v =v,,((-I +£*)'¢; X).

Remark. Itis important to note that the operator —I +£* is not exactly the adjoint
of —I+ . The adjoint of —I+ £ acts on the dual of C,, which is a coset space. The
space (L7 x L?),(3Q2) is a function space that is close to the dual of C,, however, work
is required to extend the invertibility of the adjoint of —I + % from the dual of C, to
invertibility on (L7 x L7),(6Q2). The details of the proofs can be found in Cohen and
Gosselin [7] and [8].

6. Cauchy formulae. In the theory of Hardy spaces of the upper half plane,
functions fe L*(R), 1 <p <o can be identified with analytic functions f(z) on the
upper half plane satisfying sup, -, J1f(x + iy)| % < . This identification is obtained by
convolving the boundary function f with the complex kernel (i7z)~". For an arbitrary
C" (or even a Lipschitz domain if fe L?(3Q) for p=2) we can obtain the same type
of identification by applying the properties of the classical double layer potential to
the Cauchy integral of the boundary data. (See Fabes, Jodeit, and Riviere [9], Fabes
and Kenig [10], or Verchota [13] for more details.)

An analogous kind of identification of compatible triples of boundary functions
with analytic functions of order two can be obtained from Burgatti’s formula (2.11).
(By compatible triples we mean the space B,= {f=(fg, h)e LExL? xL*(3Q): f, =
gx, + hy, almost everywhere with respect to arclength}.) For f = (f, g, h) € B, we define
the complex potential

1 f(z) 1

(6.1) ¢f(w)=§;r—i mz—_—_;dz—-m Ln (g(z)+;ih(z))

Z—-w
dz.
-w

z
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It follows from the article by Cohen and Gosselin on the Dirichlet problem for
the biharmonic equation [6] that if %; = Re ¢; and ;= (%, (U,)x, (U,),), then there
exists an invertible operator T:8,-%, such that the nontangential
limx . pesn Ur-1/(X) =f(P) almost everywhere. The map f- ¢; then identifies the
boundary space %, with a space of functions analytic of order two in ).

We have seen in §§ 3 and 4 that the solutions to the traction problem and stationary
Stokes problem can be obtained by solving a biharmonic problem and finding a
biharmonic conjugate. An examination of the matrix kernels (5.8) and (5.10) suggests
that we can obtain biharmonic conjugates to the solutions of (1.1) and (1.2) from a
Cauchy-type formula if we can find a biharmonic conjugate to the function F

But F(z) = (—1/4) Im {2z log z — 37z +12%} and 3*{zz log z — 17z +1z} = 0. If we let
F(z)=Re(~1/4m){zzlog z —1zz+12%, then 3*(F +iF) = 0= i3*(F — iF). This implies
that F—iF is analytic of order two, which suggests the following Cauchy-type
potentials.

DEeFINITION 6.2. For ge C, define the complex modified multiple layer potential

(6.3) (U + il ) (85 X) = ,[ g(Q)LO(F ~iF)(X - Q)T ds(Q).

a2
DEeFINITION 6.4. For @ € (L9 x L?)4(3Q)) define the complex modified lower-order
potential

(6.5) (0w +if) (@, X) = J

&

It then follows immediately that (u,, + i, ) ((I + %)~ '(f;, =f1); X) gives the func-
tion analytic of order two, which solves the stationary Stokes problem and (v, + if,,)
- ((~I+£*)7(~Y,, X,); X) solves the traction problem. That is, all dependent vari-
ables can be obtained from the real and imaginary parts of these complex potentials
by differentiation. Furthermore, explicit integral representations of the stresses, dis-
placements, velocity components, and pressure can be obtained from taking the
appropriate derivatives of the matrix kernels.

. @(B)(F—iF)(P-X)+y(P)(F—iF)(P~X) ds(P).
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